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Abstract
In the present work, we study the noncommutative version of a quantum cos-
mology model. The model has a Friedmann-Robertson-Walker geometry, the
matter content is a radiative perfect fluid and the spatial sections have posi-
tive constant curvatures. We work in the Schutz’s variational formalism. We
quantize the model and obtain the appropriate Wheeler-DeWitt equation. In
this model the states are bounded. Therefore, we compute the discrete energy
spectrum and the corresponding eigenfunctions. The energies depend on a non-
commutative parameter (θ). The solutions to the Wheeler-DeWitt equation are
function of the scale factor (a) and a time variable (τ), associated to the fluid.
They also depend on an integer (n) and θ. The most general solution (Ψ(a, τ))
to the Wheeler-DeWitt equation is a sum, in the integer n, of the solutions men-
tioned above. We observe that, there is no Ψ(a, τ) satisfying the appropriate
boundary conditions. Therefore, we conclude that it is not possible to obtain
a wavefunction satisfying the appropriate boundary conditions for the present
model with the considered noncommutativity.
Keywords: Quantum cosmology, Noncommutative spacetime
PACS: 04.60.Kz, 98.80.
One important arena where noncommutative (NC) ideas may play an im-
portant role is cosmology. If superstrings is the correct theory to unify all the
interactions in nature, it must have played the dominant role at very early stages
of our Universe. At that time, all the canonical variables and corresponding
momenta describing our Universe should have obeyed a NC algebra. Inspired
by these ideas some researchers have considered such NC models in quantum
cosmology [1, 2, 3, 4]. It is also possible that some residual NC contribution
may have survived in later stages of our Universe. Based on these ideas some
researchers have proposed some NC models in classical cosmology in order to
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explain some intriguing results observed by WMAP. Such as a running spectral
index of the scalar fluctuations and an anomalously low quadrupole of CMB
angular power spectrum [5, 6, 7, 8, 9]. Another relevant application of the NC
ideas in classical cosmology is the attempt to explain the present accelerated
expansion of our Universe [10, 11, 12, 13].
One important arena where noncommutative (NC) ideas may play an impor-
tant role is cosmology. In the early stages of its evolution, the Universe may have
had very different properties than the ones it has today. Among those properties
some physicists believe that the spacetime coordinates were subjected to a non-
commutative algebra. Inspired by these ideas some researchers have considered
such NC models in quantum cosmology [1, 2, 3, 4]. It is also possible that some
residual NC contribution may have survived in later stages of our Universe.
Based on these ideas some researchers have proposed some NC models in clas-
sical cosmology in order to explain some intriguing results observed by WMAP.
Such as a running spectral index of the scalar fluctuations and an anomalously
low quadrupole of CMB angular power spectrum [5, 6, 7, 8, 9]. Another relevant
application of the NC ideas in classical cosmology is the attempt to explain the
present accelerated expansion of our Universe [10, 11, 12, 13].
In the present work, we study the noncommutative version of a quantum
cosmology model. The model has a Friedmann-Robertson-Walker (FRW) ge-
ometry, the matter content is a radiative perfect fluid and the spatial sections
have positive constant curvatures. We work in the Schutz’s variational for-
malism [14, 15]. The noncommutativity that we are about to propose is not
the typical noncommutativity between usual spatial coordinates. We are de-
scribing a FRW model using the Hamiltonian formalism, therefore the present
model phase space is given by the canonical variables and conjugated momenta:
{a, Pa, τ, Pτ}. Then, the noncommutativity, at the quantum level, we are about
to propose will be between these phase space variables. Since these variables
are functions of the time coordinate t, this procedure is a generalization of the
typical noncommutativity between usual spatial coordinates. The noncommuta-
tivity between those types of phase space variables have already been proposed
in the literature. At the quantum level in Refs. [1, 2, 3, 4], [11] and at the classi-
cal level in Refs. [10],[12, 13]. We quantize the model and obtain the appropriate
Wheeler-DeWitt equation. In this model the states are bounded. Therefore, we
compute the discrete energy spectrum and the corresponding eigenfunctions.
The energies depend on a noncommutative parameter (θ). The solutions to the
Wheeler-DeWitt equation are function of the scale factor (a) and a time variable
(τ), associated to the fluid. They also depend on an integer (n) and θ. The
most general solution (Ψ(a, τ)) to the Wheeler-DeWitt equation is a sum, in the
integer n, of the solutions mentioned above. We observe that, there is no Ψ(a, τ)
satisfying the appropriate boundary conditions. Therefore, we conclude that it
is not possible to obtain a wavefunction satisfying the appropriate boundary
conditions for the present model with the considered noncommutativity.
The FRW cosmological models are characterized by the scale factor a(t) and
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have the following line element,
ds2 = −N2(t)dt2 + a2(t)
(
dr2
1− kr2 + r
2dΩ2
)
, (1)
where dΩ2 is the line element of the two-dimensional sphere with unitary radius,
N(t) is the lapse function and k gives the type of constant curvature of the
spatial sections. Here, we are considering the case with positive curvature k = 1
and we are using the natural unit system, where ~ = c = G = 1. The matter
content of the model is represented by a perfect fluid with four-velocity Uµ = δµ0
in the comoving coordinate system used. The total energy-momentum tensor is
given by,
Tµ, ν = (ρ+ p)UµUν − pgµ, ν , (2)
where ρ and p are the energy density and pressure of the fluid, respectively.
Here, we assume that p = ρ/3, which is the equation of state for radiation. This
choice may be considered as a first approximation to treat the matter content
of the early Universe and it was made as a matter of simplicity. It is clear
that a more complete treatment should describe the radiation, present in the
primordial Universe, in terms of the electromagnetic field.
From the metric (1) and the energy momentum tensor (2), one may write
the total Hamiltonian of the present model (NH), where N is the lapse function
and H is the superhamiltonian constraint. It is given by [15],
NH = −p
2
a
12
− 3a2 + pT , (3)
where pa and pT are the momenta canonically conjugated to a and T , the latter
being the canonical variable associated to the fluid [15]. Here, we are working
in the conformal gauge, where N = a. The commutative version of the present
model was first treated in Ref. [16].
We wish to quantize the model following the Dirac formalism for quantizing
constrained systems [17]. First we introduce a wave-function which is a function
of the canonical variables aˆ and Tˆ ,
Ψ = Ψ(aˆ, Tˆ ) . (4)
Then, we impose the appropriate commutators between the operators aˆ and Tˆ
and their conjugate momenta Pˆa and PˆT . Working in the Schro¨dinger picture,
the operators aˆ and Tˆ are simply multiplication operators, while their conjugate
momenta are represented by the differential operators,
pa → −i ∂
∂a
, pT → −i ∂
∂T
. (5)
Finally, we demand that the operator corresponding to NH annihilate the
wave-function Ψ, which leads to the Wheeler-DeWitt equation,(
1
12
∂2
∂a2
− 3a2
)
Ψ(a, τ) = −i ∂
∂τ
Ψ(a, τ), (6)
3
where the new variable τ = −T has been introduced.
The operator NHˆ is self-adjoint [16] with respect to the internal product,
(Ψ,Φ) =
∫ ∞
0
da Ψ(a, τ)∗ Φ(a, τ) , (7)
if the wave functions are restricted to the set of those satisfying either Ψ(0, τ) =
0 or Ψ′(0, τ) = 0, where the prime ′ means the partial derivative with respect
to a. Here, we consider wave functions satisfying the former type of boundary
condition and we also demand that they vanish when a goes to ∞.
In order to introduce the noncommutativity in the present model, we shall
follow the prescription used in Refs. [1, 2, 3, 4]. In the present model, the
noncommutativity will be between the two operators aˆ and τˆ ,
[a˘, τ˘ ] = iθ , (8)
where a˘ and τ˘ are the noncommutative version of the operators. This non-
commutativity between those operators can be taken to functions that de-
pend on the noncommutative version of those operators with the aid of the
Moyal product [18, 19, 20, 21]. Consider two functions of a˘ and τ˘ , let’s say,
f and g. Then, the Moyal product between those two function is given by:
f(a˘, τ˘ ) ⋆ g(a˘, τ˘) = f(a˘, τ˘) exp
[
(iθ/2)(
←−
∂a˘
−→
∂τ˘ −←−∂τ˘−→∂a˘)
]
g(a˘, τ˘).
Using the Moyal product, we may adopt the following Wheeler-DeWitt equa-
tion for the noncommutative version of the present model,[
p˘2a˘
12
+ p˘τ˘
]
⋆Ψ(a˘, τ˘) + 3a˘2 ⋆Ψ(a˘, τ˘ ) = 0. (9)
It is possible to rewrite the Wheeler-DeWitt equation (9) in terms of the
commutative version of the operators a˘ and τ˘ and the ordinary product of
functions. In order to do that, we must initially introduce the following trans-
formation between the noncommutative and the commutative operators,
a˘ = aˆ− θ
2
pˆτˆ , (10)
τ˘ = τˆ − θ
2
pˆaˆ,
and the momenta remain the same. Then, using the properties of the Moyal
product it is possible to write the potential term in Eq. (9) in the following way,
3a˘2 ⋆Ψ(a˘, τ˘ ) = 3
(
aˆ− θ
2
pˆτˆ
)2
Ψ(aˆ, τˆ ). (11)
Finally, we may write the commutative version of the Wheeler-DeWitt equation
(9), to first order in the commutative parameter θ, in the Schro¨dinger picture
as,
4
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∂2Ψ(a, τ)
∂a2
− 3a2Ψ(a, τ) = −i(1− 3θa)∂Ψ(a, τ)
∂τ
. (12)
For a vanishing θ this equation reduces to the Schro¨dinger equation of an one
dimensional harmonic oscillator restricted to the positive domain of the variable
[16].
In order to solve this equation, we start imposing that the wave function
Ψ(a, τ) has the following form,
Ψ(a, τ) = A(a)e−iEτ . (13)
Introducing this ansatz in Eq. (12), we obtain the eigenvalue equation,
d2A
da2
− 36a2A+ (12− 36θa)EA = 0, (14)
where E is the eigenvalue and it is associated with the fluid energy. It is possible
to rewrite Eq. (14) such that it becomes similar to a one dimensional, quantum
mechanical, harmonic oscillator eigenvalue equation. In order to do that one
has to perform the following transformations,
x =
√
6a+ 3θE/
√
6, (15)
λ = 3θ2E2/2 + 2E.
Introducing these transformations in Eq. (14), we obtain the new eigenvalue
equation,
d2A
dx2
+ (λ− x2)A = 0. (16)
This equation is the one dimensional, quantum mechanical, harmonic oscillator
eigenvalue equation and has solutions for the following discrete values of λ,
λ = 2n+ 1, (17)
where n = 0, 1, 2, 3, .... As a consequence of the second transformation of Eq.
(15) combined with the result from Eq. (17), we obtain that the fluid energy is
discrete. It has the following values,
E(n, θ) =
2
3θ2
(
−1 +
√
1 +
3
2
(2n+ 1)θ2
)
. (18)
It is important to notice that E(n, θ) is always positive for any value of n and θ,
including negative values of θ. Another important property of E(n, θ) is that,
when θ → 0, in Eq. (18), we have that E(n, θ)→ n+1/2. Which is the correct
expression for the one dimensional, quantum mechanical, harmonic oscillator
energies. For a fixed value of θ, E(n, θ) increases when n increases. On the
other hand, for a fixed value of n, E(n, θ) decreases when θ increases.
The eigenfunctions to the eigenvalue equation (16) are given by,
An(x) = CnHn(x)e
−x2/2, (19)
5
where H(x) are the Hermite polynomials of degree n and Cn are constants.
Since we want to consider solutions that vanish at the origin, we shall take
only the odd degree Hermite polynomials: n = 1, 3, 5, .... Besides that, those
solutions will be normalized, in the variable domain (0,∞), only if the constants
Cn are equal to: Cn = 2
(n−1)/2(n!)−1/2(Π)−1/4.
We may, now, write a set of normalized solutions to equation (12), with the
aid of the first transformation of Eq. (15) and Eq. (19),
Ψ(a, τ) = CnHn(
√
6a+ 3θE(n, θ)/
√
6)e−(
√
6a+3θE(n,θ)/
√
6)2/2e−iE(n,θ)τ . (20)
The most general expression of Ψ(a, τ) Eq. (13), which is a solution to Eq.
(12), is a linear combination of the solutions Eq. (20), for different values of n for
a fixed θ. It is not difficult to see that, no linear combination of the solutions Eq.
(20) can satisfy the boundary condition Ψ(0, τ) = 0 (or even Ψ′(0, τ) = 0), for all
τ except if E = 0 or θ = 0. If θ = 0 we return to the commutative case and the
case E = 0 has already been treated in [22], [23]. Therefore, we conclude that
it is not possible to obtain a wavefunction satisfying the appropriate boundary
conditions for the present model with the considered noncommutativity.
Acknowledgements. G. A. Monerat thank UERJ for the Prociencia grant.
References
[1] H. Garcia-Compean, O. Obregon and C. Ramirez, Phys. Rev. Lett. 88,
161301 (2002).
[2] G. D. Barbosa and N. Pinto-Neto, Phys. Rev. D 70, 103512 (2004).
[3] G. D. Barbosa, Phys. Rev. D 71, 063511 (2005).
[4] G. Oliveira-Neto, M. Silva de Oliveira, G. A. Monerat, E. V. Correˆa Silva,
e-print arXiv:gr-qc/1401.1485 v4 (2014).
[5] Q. G. Huang and M. Li, JHEP 0306, 014 (2003).
[6] H. Kim, G. S. Lee, H. W. Lee and Y. S. Myung, Phys. Rev. 70, 043521
(2004).
[7] D. Liu and X. Li, Phys. Rev. D 70, 123504 (2004).
[8] Q. G. Huang and M. Li, Nucl. Phys. B 713, 219-234 (2005).
[9] H. Kim, G. S. Lee and Y. S. Myung, Mod. Phys. Lett. A 20, 271-283
(2005).
[10] B. Vakili, P. Pedram and S. Jalalzadeh, Phys. Lett. B 687, 119 (2010).
[11] O. Obregon and I. Quiros, Phys. Rev. D 84, 044005 (2011).
[12] G. A. Monerat, E. V. Correˆa Silva, C. Neves, G. Oliveira-Neto, L. G.
Rezende Rodrigues and M. Silva de Oliveira, e-print arXiv:gr-qc/1109.3514
v3 (2011).
6
[13] E. M. C. Abreu, M. V. Marcial, A. C. R. Mendes, W. Oliveira and G.
Oliveira-Neto, JHEP 2012, 144 (2012).
[14] Schutz, B. F., Phys. Rev. D 2, 2762 (1970); Schutz, B. F., Phys. Rev. D 4,
3559 (1971).
[15] F. G. Alvarenga, J. C. Fabris, N. A. Lemos, G. A. Monerat, Gen. Rel.
Grav. 34, 651 (2002).
[16] N. A. Lemos, J. Math. Phys. 37, 1449 (1996).
[17] P. A. M. Dirac, Can. J. Math. 2, 129 (1950); Proc. Roy. Soc. London A
249, 326 and 333 (1958); Phys. Rev. 114, 924 (1959).
[18] J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949).
[19] F. Bayen, M. Flato, C. Fronsdal and A. Lichnerowicz, Ann. Phys. 111, 61
(1978).
[20] N. Seiberg and E. Witten, J. High Energy Phys. 09, 032 (1999).
[21] M. R. Douglas, N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001).
[22] S. W. Hawking and D. B. Page, Phys. Rev. D 42, 2655 (1990).
[23] Nivaldo A. Lemos and Fla´vio G. Alvarenga, Gen. Rel. Grav. 31, 1743
(1999).
7
